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Flavor symmetries and unitarity bounds in N = 2 SCFTs
Christopher Beem
Mathematical Institute, University of Oxford, United Kingdom
In this letter I analyze the constraints imposed by unitarity on the flavor central charges of four-
dimensional N = 2 SCFTs with general reductive global symmetry groups. I derive several general
and far-reaching consequences of unitarity by computing the norms of flavor singlet Higgs branch
operators appearing in the squares of “moment map” operators via the associated vertex operator
algebra, and imposing the requirement that they be non-negative.
PACS numbers: 11.15.Tk; 11.25.Hf; 11.30.Pb.
INTRODUCTION
The detailed structure of any four-dimensional N = 2
SCFT is constrained by the existence of a vertex operator
algebra (VOA) structure [1] on the space of Schur oper-
ators [2]. In this letter, I will investigate the interplay
between four-dimensional unitarity and the VOA struc-
tures associated to flavor symmetries. This subject was
previously considered to some extent in the original work
of [1], as well as in the subsequent work [3], while similar
issues were investigated in [4–6]. However, as we shall
see, there is more left to say.
The basic fact that we will exploit is that if a four-
dimensional SCFT T has a continuous flavor symmetry
g, then its associated VOA χ[T ] includes as a vertex op-
erator subalgebra a gˆk affine Kac-Moody VOA,
Ja(z)Jb(w) ∼
kdab
(z − w)2
+
ifabc J
c(w)
z − w
. (1)
where the Kac-Moody level k is related to the flavor cen-
tral charge k4d in T according to k = −
1
2k4d, and where
dab = Tr(TaTb) is the Killing form on g, normalized so
that long roots have squared length equal to two. Sim-
ilarly, locality of the theory T (expressed through the
existence of a stress tensor multiplet whose charge al-
gebra generates superconformal transformations) implies
that χ[T ] includes as a vertex operator subalgebra a Virc
Virasoro VOA,
T (z)T (w) ∼
c
2
(z − w)4
+
2T (w)
(z − w)2
+
T ′(w)
z − w
. (2)
where the Virasoro central charge is related to the Weyl
anomaly coefficient c4d of T according to c = −12c4d.
What will be important to us is that the detailed struc-
tures of these subalgebras are completely determined in
terms of the coefficients c and k, and these detailed struc-
tures include the two- and three-point functions of (in-
finitely many) operators, each of which corresponds to
some definite local operator in T . To the extent that the
identification between two- and four-dimensional opera-
tors can be made precise, one therefore has in principle
an infinite number of non-trivial constraints that must be
obeyed in order for T to be a unitary SCFT. It is, how-
ever, in general quite a non-trivial task to disambiguate
the identification of specific four-dimensional operators
in the VOA.
It turns out that in the presence of continuous fla-
vor symmetries, the map between VOA states and four-
dimensional operators can be understood exactly for
a specific class of states, namely, states of the form
dabJ
a
−1J
b
−1Ω. This will allow us to determine the exact
matrix of inner products of a key class of Higgs branch
chiral ring operators, from which will follow a number of
nontrivial unitarity bounds relating to flavor symmetries
and central charges.
REVIEW OF SIMPLE FLAVOR BOUNDS
In [1], a simple inequality was derived between the c
central charge and the level k associated to a simple fac-
tor g of the global flavor symmetry group in any unitary
theory with a unique stress tensor multiplet. In particu-
lar, the constraints of unitarity for the four-point function
of conserved current multiplets were shown to imply that
these central charges must satisfy
kdg 6 c(k + h
∨) , (3)
where dg and h
∨ are the dimension and dual Coxeter
number of g, respectively. When this bound is saturated,
one has
c = csug =
kdg
k + h∨
, (4)
where csug represents the central charge associated to the
Sugawara stress tensor of the affine Kac-Moody VOA,
Tsug =
dab(J
aJb)
2(k + h∨)
. (5)
A further consequence of the four-point function analy-
sis is that when the bound (3) is saturated, the (VOA
image of the) unique stress tensor multiplet of the four-
dimensional theory, which we shall denote by TT , must
be identical to the Sugawara stress tensor in the affine
Kac-Moody VOA,
TT ≡ Tsug . (6)
2It will be useful for us to revisit (3) in a slightly dif-
ferent light. Given a (simple or abelian) affine Kac-
Moody sub-VOA, one can form the (un-normalized)
Segal-Sugawara operator
S = dabJ
a
−1J
b
−1Ω . (7)
The currents Ja correspond to “moment map operators”
µa in the Higgs branch chiral ring, which lie in B̂1 mul-
tiplets in four dimensions [7]. Let us also introduce the
VOA operator µ2 corresponding to the flavor singlet ap-
pearing in the (Higgs chiral ring) square of the moment
map,
Ja = χ(µa) , µ2 = χ(dabµ
aµb) , (8)
where we represent the VOA image of a Schur operator
O by χ(O).
Crucially, the normally-ordered product in the VOA
is a different operation than the Higgs branch chiral
multiplication, so in general µ2 6= S. However, four-
dimensional selection rules imply that the operator S
must correspond to a linear combination of µ2, which lies
in a B̂2 multiplet, and the su(2)R current in the unique
Ĉ0(0,0) multiplet (i.e., stress tensor multiplet). In other
words, we can re-write the Segal-Sugawara operator as
S = µ2 + αTT , (9)
where now each term on the right hand side represents
the VOA image of a four-dimensional operator in a dis-
tinct representation of the su(2, 2|2) superconformal al-
gebra.
Importantly, because they arise from four-dimensional
operators living in different superconformal multiplets,
the VOA inner product 〈µ2|TT 〉 = 0. Thus the constant
α can be determined by considering the inner product
〈TT |S〉 = 〈TT |αTT 〉, where the left hand side is fixed by
the requirement that the Ja are Virasoro primary oper-
ators. With our present conventions, this gives
α =
2kdg
c
. (10)
By the same reasoning, we can further compute the VOA
norm of the Higgs branch operator µ2 unambiguously,
||µ2||2 = ||S||2 − α2||TT ||
2 ,
= 2(k + h∨)kdg −
1
2α
2c ,
= 2kdg
(
(k + h∨)− kc dg
)
.
(11)
In general, four-dimensional unitarity does not require
VOA norms to be positive. For (four-dimensional) scalar
Schur operators, the twisted-translation prescription of
[1] implies that one must consider the order-four auto-
morphism σ : V → V on the vector space V underlying
χ[T ] that takes an operator to the complex conjugate of
the su(2)R lowest weight state in the same multiplet [8],
i.e.,
σ ◦ O = (−1)2R
(
eπiR2Oe−πiR2
)∗
. (12)
The four-dimensional norms are then given in terms of
VOA inner products by
||ψ||24d = 〈O|σ ◦ O〉 .
= z2hO〈O(z)(σ ◦ O)(0)〉 .
(13)
(For operators with spin, the procedure is marginally
more complicated, but will be discussed, for example,
in future work [9]).
For the moment map operator, R = 1 and conjugation
acts as σ ◦ µa = −µa (here we take Ta to be a real basis
for g), and for the µ2 operator with R = 2 it acts as
σ ◦ µ2 = µ2. Thus for this state, the VOA norm is re-
quired by four-dimensional unitarity to be non-negative.
Because k and c are negative definite, this is equivalent to
the bound (3). When the bound is saturated, the Higgs
branch operator µ2 is identically zero, and (9) yields the
identification (6) of the Sugawara stress tensor with the
true stress tensor.
REDUCTIVE FLAVOR BOUNDS
The analysis of [1], recounted and reinterpreted above,
was restricted to the case where a single simple (or u(1))
factor of the global flavor symmetry group was consid-
ered. However, given the explicit construction of flavor-
singlet B̂2 operators we have found, it is simple to gener-
alize the above discussion to the case of a general reduc-
tive flavor group,
gF = g1 × · · · × gn ,
with each factor gi either simple or u(1). To assist in the
discussion of several flavor factors at once, we adopt the
convention of referring to a simple or u(1) factor of the
flavor group as
• sub-critical if k + h∨ > 0 (i.e., k4d < 2h∨).
• critical if k + h∨ = 0 (i.e., k4d = 2h∨).
• super-critical if k + h∨ < 0 (i.e., k4d > 2h∨).
With k < 0, these three cases correspond to csug being
negative, zero, and positive, repectively, and by conven-
tion the dual Coxeter number of u(1) is taken to be zero.
Thus the bound (3) has force only when considering sim-
ple flavor symmetry groups that are sub-critical.
In addition to the norms computed as above for each
simple or u(1) factor, there is no obstacle to analyzing
the full matrix of inner products of µ2i states. Indeed,
since the Segal-Sugawara vectors of distinct factors of
3the flavor group are orthogonal in the VOA, we have for
i 6= j,
〈µ2i |µ
2
j 〉 = −
c αiαj
2
= −
2kikjdgidgj
c
. (14)
This implies a simple expression for the complete matrix
of inner products of quadratic Higgs branch singlets (i.e.,
the µ2i operators), which we denote by M,
M = ∆−
c
2
(~α⊗ ~α) , (15)
where we have
∆ = diag (δ1, · · · , δn) , δi = 2kidi(ki + hi) ,
~α = (α1, . . . , αn) , αi =
2kidi
c .
(16)
It is precisely due to the mixing between the B̂2 and
Ĉ0(0,0) multiplets in the Segal-Sugawara vectors that this
matrix has off-diagonal terms between µ2i states coming
from different factors of the flavor group. For this reason,
an analysis of the present type would not yield any new
results beyond the simple case for quadratic states in non-
singlet representations of the flavor group, since there can
be no flavor-charged Ĉ0(0,0) multiplets under the present
assumptions.
Four-dimensional unitarity requires that any linear
combination of the µ2i have positive norm, which due
to (13) implies that the total matrix M must be posi-
tive semi-definite (with zero eigenvalues corresponding to
Higgs chiral ring relations amongst the quadratic Higgs
branch singlets). To ensure positive semidefiniteness it
is enough to ensure that all principal minors are non-
negative, with the previous bound (3) corresponding to
1×1 principal minors, i.e., entries on the diagonal. How-
ever, the non-zero off-diagonal terms will give stronger
unitarity constraints than those arising from the single-
factor analysis. In what follows, we will derive the
complete set of physical consequences of positive semi-
definiteness of M.
Non-critical factors
To begin, let us restrict our attention to principal mi-
nors that don’t include any rows/columns corresponding
to critical flavor factors from gF (if any are present at
all). For a collection of flavor factors gi1 × · · · × gik , the
corresponding minor takes the simple form
detM{i1,...,ik} =
(
k∏
ℓ=1
δiℓ
)(
1−
c
2
k∑
ℓ=1
α2iℓ
δiℓ
)
,
=
(
k∏
ℓ=1
δiℓ
)(
1−
k∑
ℓ=1
csug,iℓ
c
)
,
> 0 .
(17)
Whether this inequality represents a lower or an upper
bound on c depends on the details of the signs of the
δi, which in turn depend on whether the various flavor
group factors contributing to the minor are sub-critical
or super-critical. In particular, let us denote by ni1,...,iksub
the number of subcritical factors in the minor. The in-
equality (17) then takes the form∑
i∈I
csug,i 6 c n
i1,...,ik
sub odd ,∑
i∈I
csug,i > c n
i1,...,ik
sub even .
(18)
This parity dependence is quite powerful. We observe
that if there are at least two subcritical factors in the
flavor group, say g1 and g2, then by applying the above
inequalities to the submatrices M{1,2} and M{1} we ob-
tain a contradiction
c 6 csug,1 + csug,2 < csug,1 6 c , (19)
where we’ve used the negativity of Sugawara central
charges for subcritical Kac-Moody levels. Thus, com-
patibility of unitarity with VOA structures implies the
following general principle:
There can be at most one sub-critical simple
factor in the flavor group of any unitary four-
dimensional SCFT.
If this condition is obeyed and there exists a sub-critical
factor, the remaining constraints all follow from the
strongest bound, which arises from the minor that in-
cludes all non-critical factors in the flavor group and gives
c > csug,tot . (20)
Alternatively, in the absence of a sub-critical factor, there
are no additional constraints beyond the negativity of c
and ki.
Bound saturation
If there is a sub-critical flavor factor and the cen-
tral charge takes its Sugawara value, thus saturating the
bound (20), then the corresponding zero eigenvector of
M describes a relation in the Higgs chiral ring,
n∑
i=1
1
2(ki+h∨i )
µ2i = 0 . (21)
Expressing µ2i in terms of Tsug,i and TT , this Higgs chiral
ring relationship implies the equality of the true stress
tensor and the (total) Sugawara stress tensor of the the-
ory,
n∑
i=1
Tsug,i = TT . (22)
4As such we find a natural generalization of the single-
channel result,
If c = csug,tot in the associated VOA of a four-
dimensional SCFT, then the true stress tensor is
identified with the total Sugawara stress tensor.
This must hold true as long as the stress tensor multi-
plet of the four-dimensional SCFT is the unique Ĉ0(0,0)
multiplet in the theory.
Critical factors
Now we return to the general case, in which some sim-
ple factors in the global symmetry group are allowed to
be at their critical level. The corresponding entries in ∆
vanish, which allows us to derive two nontrivial results.
First, let us assume that there are at least two critical
factors, call them i and j. Then the 2×2 principal minor
detM{i,j} is manifestly zero since ~α⊗~α has rank one. The
corresponding zero eigenvector takes the simple form
Nij = αjµ
2
i − αiµ
2
j . (23)
Thus we find that the quadratic flavor singlets built from
critical-level moment maps are all set equal to one an-
other in the Higgs chiral ring. This phenomenon is fa-
miliar from the Higgs chiral rings of SCFTs of class S
with maximal punctures [10, 11]. However, here we see
it as a simple consequence of unitarity and criticality of
AKM levels, whereas previous derivations were somewhat
more involved. The precise linear combination appearing
in (23) means that there is also a simple relation at the
level of the associated VOA of Segal-Sugawara operators,
namely,
αjSi = αiSj , (24)
which has also featured prominently in the study of VOAs
associated to class S theories [12–14].
Next, we consider the case of a principal minor includ-
ing one critical flavor factor (say i) and any number k > 0
of non-critical factors (say j1, . . . , jk). We find
detM{i,j1,...,jk} = −
c α2i
2
k∏
n=1
δjn . (25)
Since c is necessarily negative, unitarity requires that the
product of the δj be positive. This must hold for any
choice of the non-critical factors in the minor, so we learn
a third general lesson:
In the presence of at least one critical flavor fac-
tor, there can be no sub-critical flavor factors.
This completes the analysis of unitarity constraints aris-
ing from the positive semi-definiteness of M.
TABLE I. Unitarity bounds for Kac-Moody levels
Flavor group factor Level bound
su(2) k 6 − 1
3
su(n) k 6 −n
2
so(4) , n = 4, . . . , 8 k 6 −2
so(n) , n > 8 k 6 2− n
2
usp(n) , n > 3 k 6 −1− n
2
g2 k 6 −
5
3
f4 k 6 −
5
2
e6 k 6 −3
e7 k 6 −4
e8 k 6 −6
SUMMARY AND DISCUSSION
Taken together, the results the we derived here lead to
a surprisingly restrictive picture of the allowed structure
of continuous flavor symmetries in unitary N = 2 SCFTs
with unique stress tensor multiplets. Here we summarize
the final picture.
(i) If any critical simple flavor factors gi are present in
the flavor group, then the corresponding “quadratic
Higgs singlet operators” µ2i are all set equal by
Higgs chiral ring relations.
(ii) In the presence of critical factors, there can be no
sub-critical factors.
(iii) In the absence of critical factors, there can be at
most a single sub-critical factor in the flavor group
with ki + h
∨
i > 0.
(iv) If there is a sub-critical factor, then the Virasoro
central charge must obey c > csug,tot.
(v) When this inequality is saturated, the true stress
tensor in TT is given by the Sugawara stress tensor
for the full flavor group of the theory.
Additionally, these results must hold when restricting to
affine Kac-Moody subalgebras of the full flavor algebra.
For example, in the rank-one e6 Minahan-Nemeschansky
SCFT, the critical-level su(3)3 subalgebra inherits the
Higgs chiral ring relations mentioned in (iii) above.
It is of some interest to examine these results in the
context of the vast landscape of N = 2 SCFTs that have
been constructed to date, for example, as a part of class
S. For instance, in [15, 16] three-punctured fixtures in
class S were considered in light of whether or not they de-
compose as product SCFTs. One may immediately check
that all of the examples in those papers can also be iden-
tified as product theories (i.e., as not having a unique
stress tensor multiplet) by observing that they violate
5the single sub-critical factor rule. This is a slightly sim-
pler criterion than that identified in the aforementioned
references, which required the additional knowledge of
the c central charge for the theories in question.
The results of this letter should be complemented by
the bounds obtained in [3] (and generalized in [17]) based
on studying Ĉ1(1/2,1/2) multiplets appearing at level four
in the Virasoro and affine Kac-Moody subalgebras of an
associated VOA. These give rise to an upper bound for
the Virasoro central charge
c 6 −
11
5
1 +(1 + 360
121
n∑
i=1
kidi
6ki + h∨i
)1/2 . (26)
Thus, in the presence of a fixed sub-critical flavor fac-
tor, a finite interval of possible c-values exists, and the
allowed interval shrinks upon the inclusion of additional
factors in the flavor group. In addition, there are gi-
dependent upper bounds on the affine Kac-Moody levels
ki which were derived in [1], which we reproduce in Ta-
ble I for the reader’s convenience. It may be of some
interest to more thoroughly explore the space of allowed
symmetries compatible with the full set of constraints we
have uncovered here in conjunction with the previously
established bounds given in (26) and Table I, similar to
what was done in [3]. We leave a thorough investigation
of this type for the future.
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